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Let k be skew field and f a virtually polycyclic (VP) group, i.e., r con- 
tains a polycyclic subgroup of finite index. The Euler characteristic of kT 
modules is defined as follows. Let F be a poly-infinite-cyclic (poly-Z) sub- 
group of finite index in IY There are many such subgroups (unless I- is 
finite, in which case there is only one). One knows (see [6]) that kT’ is a 
regular ring, it even has a finite global dimension, and that kZ-’ projective 
modules are stably free. Since kF (and, of course, kr) is Noetherian it 
follows that every finitely generated (Eg.) kr’ module has a finite free 
resolution, i.e., a finite resolution by finitely generated free kr modules. In 
particular if M is an f.g. kT module let 
03Fn -+ *.. +F,+M-rO 
be a finite free resolution over kP. If the rank of Fj isf, we define 
XkllM)=(r:rl)-l.~(-f)jfj. 
0 
This is independent of the resolution and, more interestingly, of the choice 
of r (see [9]). The function xkT( - ) is an Euler characteristic, i.e., is 
additive on short exact sequences, so it can be considered as a 
homomorphism from the Grothendieck group G,(kT) to Q. 
DEFINITION. The Euler-Goldie rank of kI’, denoted rk(r), is the least 
positive integer such that rk(r). KJM) is an integer for every f.g. kT 
module M. 
To justify this terminology we note that if kr is prime, which amounts to 
saying r has no nontrivial finite normal subgroup (see [S]), then rk(r) is 
indeed the Goldie rank of ring theory, see [9]. However, if kT is not prime 
(e.g., r is finite) the two concepts diverge. 
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If k is a field, then rk(f) = 1 if and only if r is torsion free: the nontrivial 
implication ( * ) is the theorem of Farkas and Snider [3] and Cliff [2]. In 
[9] it is shown that if H is a finite subgroup of r then its order 1 H( divides 
rk(I). Letting 
p(T) = least common multiple of orders of finite subgroups of r, 
which is obviously a finite number when r is VP, we see that p(T) divides 
rk(r). This note is a proof, of a special case of the 
CONJECTURE. p(T) = r,Jr). 
The conjecture is discussed in some detail in [9] (but note that the 
restriction to the prime case there is unnecessary). Farkas [4] made an 
equivalent conjecture in characteristic 0. 
THEOREM A. If k is afield such that char(k) does not divide p(T) and r 
is an extension 1 --) r + r + G + 1 where r is torsion free VP and G is 
finite cyclic then the conjecture is true. 
The assumption on char(k) means that kT is a regular ring [8, 
Chap. lo] so K,,(kT) = G,(kT) and we can restrict our attention to the 
values of xkT on projective kT modules. 
In proving Theorem A we establish a precise version of the 
Farkas-Snider-Cliff theorem. A side benefit of this is 
THEOREM B. If k is a division algebra (i.e., a skew-fieldfinite dimensional 
over its center) and r is torsion free (and, as always, VP) then r,(r) = 1. 
To do this we need the curious result (due to Gabber) that if G is a finite 
group and k a division algebra then a kG module which is free over FG, 
where F is the center of k. is free over kG.’ 
1. THE RANK ELEMENT OF A PROJECTIVE MODULE 
The rank element of a projective module over a ring was first construc- 
ted by Hattori and Stallings in 1965, see [ 111 or [ 11. We only need this 
for group rings. If G is a group and k a commutative ring let T,(G) be the 
free k module on the conjugacy classes of G, and rc: kG + T,(G) the natural 
’ The results of this paper were obtained some years ago (198&1981) in discussions with 
Ofer Gabber. I am very grateful to him for his extremely fruitful suggestions. It goes without 
saying that he bears no responsibility for the mode of presentation of this paper. 
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map sending x E G to its conjugacy class C(x). If P is an f.g. projective kG 
module let Q be an f.g. complement so that PO Q is free and let e: 
P@ Q -+ PO Q be the idempotent defining P, i.e., e = 1, @ 0,. If E is the 
matrix of e, with respect to some free basis, let tr(E) be the sum of its 
diagonal elements; the rank element of P is n(tr E). It turns out to be 
independent of the choices involved. We denote it by rr. It is a finite sum 
C, rp(x) C(x) where t-r(x) E k and x runs over a set of representatives for 
the conjugacy classes of G. Clearly the coefficient of C(s) is the sum of the 
coefficients, in tr(E), of group elements conjugate to s. 
The function rr is an Euler characteristic, i.e., r,@o = rp + ro. It also 
enjoys the following functorial property. If G -t G, is a homomorphism and 
k + k, is a ring homomorphism, P an f.g. projective kG module and 
P, = klG, OkoP then t-r, is the image of rr under the induced map 
T,(G) + Tk,(GI ). The importance of the rank is clear from the following 
formula of Hattori (see [ 1 I). 
(1.1) LEMMA. Let k be a commutative ring, G afinite group and P an f.g. 
projective kG module. Let cpr be the character of P (i.e., the traces of the 
operators of G acting on P as a k module). Then (pr(s) = 1 Z,(s) 1 . rr(s- ‘) 
for s E G. (Here 2, denotes centralizer in G.) 
The basis for the applications of the rank element to VP groups is 
(1.2) THEOREM (Formanek [S], Cliff [2]). Let r be a VP group and k 
a commutative ring. If P is an f.g. projective kG module and SE I- is of 
infinite order then C(s) does not appear in rr, i.e. rp(s) = 0. 
This can be proved by reducing the general case to the case of charac- 
teristic p” (i.e., p”k = 0) which is precisely Cliffs result. 
2. THE FARKAS-SNIDER-CLIFF THEOREM 
In our language it is: 
(2.1) THEOREM. If r is a VP group and r’ is a torsion free subgroup of 
finite index and if P is an Eg. projective kT module and k is a field then 
xkr(P)=(r:r’)-‘.dim,(k@,,,P). 
Let r1 be a normal poly-Z subgroup of linite index contained in r’. It is 
easy to see (since P is projective) that x&P) = (r : r,)-’ dim,(k @ k,-, P). 
Let G = T/T,, G’ = r’/l”c G. Clearly k @I k,-, P is a projective kG module 
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and we show below that as a kG’ module it is free. The theorem now 
follows from the computation 
upon division by 1 G 1. 
It remains for us to prove 
(2.2) THEOREM. Zf r is a torsion free VP group, F is a normal poly-Z 
subgroup of finite index, P an Eg. projective kT module (and k a field) then 
k @ kr P is a free kG module where G = T/F. 
We denote kQkT’P=kGOkTP by P,. 
(A) Assume first that char(k) = 0 and let 
b, = 1 rp,(s) C(s), rp = 1 rp(t) C(t), 
s I 
where s, t run over sets representing the conjugacy classes in G and r, 
respectively. It is clear that rpc(s) = C, -s rp(t) where t + s means t maps to 
a conjugate of s under the map r +G. Since r,(t)=Ofor t#l by (1.2) we 
see that r&s) = 0 for s # 1. By (1.1) the character of Po vanishes outside 
{ 1 } and one knows (see (3.1)) that this implies P, is a free module. 
(B) Now assume char(k) = p > 0. Let A be a complete discrete 
valuation domain with maximal ideal m, field of fractions K of charac- 
teristic 0 and residue field k. For n > 1 let k, = A/m”. Since the kernel of 
k,T + kT is nilpotent there exists a unique (up to isomorphism) projective 
k,T module P, which is a lifting of P. By (2.2) rp,, which lies in T,Jr), is a 
multiple of 1. Let P, be the lifting of P, to AG (see [lo, Sect. 14.41). Let cp 
be the character of PO. It is clear that reduction modulo m” sends r,+, to 
rp,, where P,,, = k,G 0 k,TPn. Since rpn,(s) = 0 for s # 1 we see that r,+,(s) 
is divisible by arbitrarily high powers of p and, hence, rpO(s) = 0 for s # 1. 
By (1.1) cp vanishes outside { 1 } so, as before, K@ A P, is a free KG module. 
To prove P, is free over kG we need to show P, is free over AG. Now the 
isomorphism class of a projective AG module is determined by its class in 
K,,(AG), [ 10, Sect. 14.43, and the map K,(AG) + K,(KG) is injective [ 10, 
Sect. 16.11. This completes the proof. 
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3. PROOF OF THEOREM A 
We will need the following well-known lemma (cf. [7, Ex. 2.16, p.3 11) 
(3.1) LEMMA. Let HE G be finite groups and cp a (complex) character 
which vanishes on G-H. If G is abelian or if H = { 1 } then cp is induced from a 
character of H. In particular (G : H) divides cp( 1). 
In fact we will apply the lemma also over nonalgebraically-closed fields 
but only its last part. This is clearly legitimate; in any case even the full 
statement of the lemma holds over nonalgebraically-closed fields. Recall 
that r is an extension 
If q is a prime integer let G, E G be a Sylow-q subgroup, and let rq be its 
inverse image. It is easy to see (e.g., from (2.1)) that the q part of the 
denominator of ,QJP) is equal to the q part of xkr,(P) for every module P. 
Thus we can assume that G is a q group. Let H be the largest subgroup 
over which v splits, i.e., r contains a subgroup mapped by v isomorphically 
onto H. Obviously p(T) = 1 HI. Let x E r be such that v(x) $ H. By the 
maximality of H it is not a torsion element and hence if P is an Eg. projec- 
tive kT module C(x) does not appear in rp. Reducing mod r’ let 
P, = kG @ krP. Then C(v(x)) does not appear in rP,. 
Assume now that char(k) =O. Let cp be the character of P,. By the 
above (and (1.1)) cp vanishes outside H. By (3.1) (G : H) divides cp( 1) = 
dim, P,, so that the denominator of 1 Gl -’ ‘dim, Po divides 1 HI which, 
using (2.1), is the claim of theorem A. 
If char(k) = p > 0 we use the notation of part (B) in the proof of (2.2). 
Again if x is such that v(x) 4 H then C(x) does not appear in rp, for n 2 1 
hence C(v(x)) does not appear in rpO hence the character of K@)A P, 
vanishes on G-H and, as above, an application of (3.1) ends the proof. 
4. PRCMIF OF THEOREM B 
Let P be a projective f.g. kT module and let r’ be a normal poly-Z sub- 
group of finite index in r It suffices to prove that M = kG@ krP is free 
over kG where G = T/r. By (2.2) M is free over FG where F is the center of 
k. Thus it is enough to prove 
(4.1) PROPOSITION. Let k be a division algebra with center F (so that 
(k : F) < co ) and G finite group. If M is an f.g. kG module and M is free over 
FG then M is free over kG. 
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If (k : F) = n then k@ Fk, as k-bimodule, is isomorphic to k”. Indeed 
k 123 Fk”P is a central simple algebra hence every module over it is a sum of 
copies of the one (up to isomorphism) simple module. This module is k 
with a @ b acting on x E k by axb. A dimension count shows that the num- 
ber of copies must be n. 
It follows that k@ FM is isomorphic, over kG, with M”. If N is a kG 
module isomorphic with A4 over FG then k 0 FM and k @ FN are kG 
isomorphic, so M” N N” over kG and the Krull-Schmidt theorem (which 
clearly applies) gives M z N. Thus it remains to find a free kG module 
which over FG is isomorphic to M. Say M is free of rank r over FG. Let 
Z,(G) (resp. Z,(G)) be the augmentation ideal of FG (resp. kc). Clearly 
Z,(G)M=Z,(G)M so M/ZAG)M is a k module and 
r=d$n(M/ZAG)M)=dim(MII,(G)M)-(k:F). 
It follows that the free kG module of rank r. (k : F) ’ and M are 
isomorphic over FG. This completes the proof. 
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